
4 3 The killing form and Canton's criterion
for salvobility

In this short section we bufly introduce
the killing form

and discuss its note
in the study of solvable he algebras
ma Canton's criterion

From now on 9 will be a 1K Le

algebra math K R on He C

Definition 4.51 killing form
The killing form of a K Cie algebra
io the bilinear form
kg gag

R

defined by
Kg xy tu od XI.de

The following invariance property is Key
for the applications

Proportion 4.52



kg od 7 X Y kg 011777 O
X Y 7 9

Proof
Recall ad 7 2,77 odi 7 7,7

Tg od 7 Y Kg od 7 Y
fa od 2 x odiy In Codex od 7,731
In od 77 od IN odCy tnfodlxfodlzl.at y1

to lodi 7 adIX odix taladilleadly
medley trlodixodixodia

tnfodlzl.de od Y 1 tnlodlX od1Y od171
nstaIAB tnIBA
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Exercise 4.53

LetG be a connected he group with he algebn

9 Prova that

Kg Ad g AdiglY Kg X Y

for all g E G and XY E J



J

Hint compute the derivative with respect
to t of
Kg Asleep 7 Adlexptz Y

Theorem 4 54 Contonis criterion
A IK Lee algebra in solvable fondonly
if Kg1gal gia

0

We discuss only one implication The followry
lemmo will be important for us

Lemmo 4.55

Lat hog be on ideal Then kg nn_Kn
Proof
Let V be o ancor complement of him 9
so that g h to V

If we commden odg X hot h

Vthen.odge X Y Eh if E h

odg MY xD E h if YE V



g
aimee h is on ideal Note that being a

subalgebra would be sufficient for the

first conclusion
Henee odg X con be represented ora

N

h V

Therefore

Kg Xix ti Codglmodg Y
In lodn e adn Y
Knix

for all XD Eh

Proofof in Theorem 4 54

Assume that g is solvable Then by
Theorem 4.38 9 gig in nilpotent

By Corollary 4.44 od 1g io strictly
upper triangular with respect to some

bona Taking into account Cemmo 4.55

obove kg g g Kg 1 O aimee
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